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Bilayer electron-hole systems, where carriers in one layer are electrons and carriers in the other are 
holes, have been actively investigated in recent years with the focus on Bose-Einstein condensation 
of excitons. This condensation is expected to occur when the layer separation d is much smaller than 
the interparticle distance r B as within each layer. In this note, we argue for the existence of a state, 
Wigner supersolid, in which excitons are phase-coherent but form a Wigner crystal due to dipolar 
repulsion. We present the qualitative phase diagram of bilayer system, and discuss properties and 
possible signatures of the Wigner supersolid phase. 



Introduction: The phenomenon of Bose-Einstein conden- 
sation (BEC) where the many-body wavefunction for the 
ground state of a macroscopic number of bosons is de- 
scribed by a uniform phase and acquires phase rigidity, 
is a remarkable manifestation of interplay between quan- 
tum mechanics and statistics of the particles. This phe- 
nomenon does not depend on the microscopic structure of 
bosons or their interactions, and does not make assump- 
tions about possible broken symmetries in the ground 
state. Based on these observations, Moskalenko, Blatt, 
and Keldysh predicted that excitons - mctastable bound 
states of electron-hole pair - in semiconductors will un- 
dergo BEC under appropriate circumstances^ Electron- 
hole bilayers are expected to exhibit a uniform BEC of 
excitons - dipolar superfluid - when the distance between 
the two layers d is much smaller than the typical inter- 
particle distance r s asi2iM Here as = h 2 e/m*e 2 is the 
Bohr radius for a particle with band mass m* in a semi- 
conductor with dielectric constant e (For typical semi- 
conductors, e ~ 13 and m* ~ 0.10 m e implies that as ~ 
100 A). In recent years, advances in sample preparations 
have made it possible to fabricate samples in which the 
two layers are close (d ~ 100-300 A), the exciton life- 
time is relatively long, and the carrier mobilities at low 
densities are high or, equivalently, disorder effects are 
smaJli ^ S iL S i Si Therefore, an experimental exploration of 
the entire phase-diagram of electron-hole bilayer system 
will be feasible in near future^ 

Recent experiments have sparked interest in two dis- 
parate aspects of BEC, namely its realization in semi- 
conductors and in solid Helium under pressure These 
two aspects, condensation of (mctastable) bosons in 
a strongly interacting semiconductor environment and 
non-uniform Bosc-Einstcin condensates, address funda- 
mental questions such as what are necessary and suffi- 
cient conditions for Bose-Einstein condensation? Is su- 
perfluidity related to a uniform Bose-Einstein conden- 
sate? In this note, we show that electron-hole bilayers 
support a ground state which combines these two features, 
namely Bose-Einstein condensation and broken transla- 
tional symmetry. 

In the following, we first discuss zero-tempcraturc 



phase diagram of electron-hole bilayer system. Then we 
present qualitative description of various phase bound- 
aries and focus on the transition from the dipolar super- 
fluid phase to the Wigner supersolid phase. We end the 
note with discussion regarding experimental signatures 
of the Wigner supersolid phase and conclusions. 

Phase Diagram: Let us consider a bilayer system with 
electrons in the top layer and holes in the bottom layer. 
We choose a convention such e^(r) denotes an operator 
which creates electron at position r and h' (r) denotes an 
operator which creates a hole at position r in the bot- 
tom layer. The density matrix of this system has four 
components. p ee (r,r') = (e'(r)e(r')) and phh{r,r') = 
(tv(r)h(r')) denote density matrices for electrons and 
holes, and A(r, r') = (e^(r)rf(r')) = A(r',r)* denotes 
the inter layer phase-coherence matrix elements. This 
system is characterized by two dimensionless parameters 
which can be tuned independently. The first, d/(r s as), 
is the ratio of intralaycr and intcrlaycr Coulomb interac- 
tions (PE/PE2), and is a measure of "phase coherence" 
between the two layers. This parameter, for d/(r s as) < 
1 , drives the quantum phase transition from uncorrelated 
bilayers, A = 0, to a state with phase-coherent bilayers, 
A ^ 0. We emphasize that here we have assumed the 
simplest scenario, in which the formation of individual 
excitons and the establishment of long-range phase co- 
herence happen simultaneously. In a more general case, 
there will be two phase transitions, one corresponding to 
each of the two possibilities outlined above. The second 
parameter r s is the ratio of potential energy e 2 /e(r s aB) 
and kinetic energy fi 2 /m*(r s Ofl) 2 of carriers within a sin- 
gle layer (PE/KE). This parameter, for r s 3> 1, drives the 
quantum phase transition from a uniform density state, 
Pee(q) = P«i(q) oc Sq.o, to the Wigner crystal state with 
broken translational symmetry, p e e(q) = Phh(<l) oc <5 qi G 
where G is a reciprocal lattice vector for Wigner crystal. 
Therefore, in the simplest scenario, we expect 2 2 = 4 
possible distinct ground states (Figure [1]). For small 
d/(r s as) and small r s (d/as < r s < 1), the ground state 
of the system is a uniform Bose-Einstein condensate of 
excitons or a dipolar supcrfluid i 12 i 13 At large d/(r s as) 
and small r s , the ground state is a uniform 2-componcnt 
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(electron-hole) plasma. At large values of d/(r s as) and 
large r s (d/as 3> r s S> 1) the system consists of Wigner 
crystals in respective layers which are weakly correlated. 
These three phases have been considered in the liter- 
ature^ In particular, excitonic superfiuid and Wigner 
crystal, being broken symmetry states, have been exten- 
sively studied. For example, spontaneous intcrlaycr co- 
herence has been observed in quantum Hall bilayers near 
total filling factor one£ although compelling evidence for 
true off-diagonal long-range superfiuid order is still some- 
what ambiguous. Similarly, it is widely believed^ that 
a single electron (or hole) layer becomes a Wigner crys- 
tal for large r s = r S Q ~ 40 although the experimental 
evidence is not conclusive. 
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FIG. 1: Schematic phase diagram of a system with two di- 
mensionless parameters d/(r s ciB) and r s , showing four pos- 
sible phases. We emphasize that the details of the topology, 
for example, the dependence of Wigner crystallization thresh- 
old r s on the ratio of intralayer-to-interlayer potential energy 
d/(r s o,B), are not known. Therefore, the intersection of the 
two lines should not be considered a multi-critical point. The 
four possible ground states are i) uniform dipolar superfiuid 
ii) electron-hole plasma iii) uncorrelated Wigner crystals, and 
iv) phase-coherent bilayers with broken translational symme- 
try. The first three have been extensively discussed in the 
literature. 

In this note, we focus on the fourth possible ground 
state, which will occur when d/ {r s as) < 1 and ?* s ^> 1. 
We point out that the two broken-symmetry states - 
dipolar excitonic condensate and Wigner crystal - will 
coexist in this regime. Based on general principles, this 
phase will have a ground state with phase-coherence be- 
tween the two layers and a broken translational symme- 
try: A / and /O ee (q) = p/i/i(q) oc <5 q .Q- We propose that 
this state is a Wigner crystal of phase- coherent excitons: 
a Wigner supersolid. 

Now, we motivate the existence of this phase and show 
how various phase boundaries can be qualitatively un- 
derstood. Figure [2] shows the (same) phase diagram of 
a bilayer electron-hole system^ 2 - as a function of d/as 
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FIG. 2: Schematic phase diagram of the electron-hole bilayer. 
Standard phases discussed in the literature are electron-hole 
Wigner crystal (d/as 3> 1, r s 3> 1), 2-component plasma 
(d/aB S> 1, r s < 1) and dipolar superfiuid {d/as < 1, 
r s ^> 1). We postulate that a Wigner crystal of phase- 
coherent excitons exists in the region y^rl < d/as < r s , 
between the dipolar superfiuid and the uncorrelated Wigner 
crystals. We call this phase Wigner supersolid (WS) because 
it shows broken translational symmetry in the diagonal den- 
sity matrix elements, p Ee (q) = Phh(<l) oc <5 q G, as well as in- 
terlayer phase coherence, A 7^ 0, in the off-diagonal density 
matrix elements. The transition between dipolar superfiuid 
and WS is of first order as any liquid-to-solid transition; on 
the other hand, the transition between WS and electron-hole 
Wigner crystal is of second order as it is associated with the 
disappearance of phase coherence. 

and r s (solid lines only). We choose these variables, in- 
stead of the ratio of energies, as the axes because exper- 
imentally these two can be tuned independently. This 
phase diagram does not take into account the transition 
from phase-coherent bilayers (A 7^ 0) to uncorrelated 
bilayers (A = 0) which happens at d/as ~ t s (dotted 
blue line). Let us consider the region between the solid 
(green and red) lines from two different limits, increasing 
d/aB at moderate r s and increasing r s at moderate d/aB- 
First, we start from the uniform dipolar superfiuid state 
characterized by uniform phase coherence A 7^ and 
uniform density p ee (q) = p/ih(q) = «o<5 qi o- The kinetic 
energy per excitonic is given by ft 2 /m*(r s as) 2 whereas 
the potential energy due to dipolar repulsion is given by 
e 2 d 2 /e(r s as) 3 - Therefore, when ^/r~l < d/as potential 
energy dominates the kinetic energy and the excitons will 
form a hexagonal Wigner crysta l 16 ! 17 to minimize the po- 
tential energy. This argument gives the phase boundary 
between the uniform dipolar superfiuid state, and the 
Wigner crystal of excitons characterized by A ^ and 
p e e(q) = phh(q) oc t) qi c (solid red line). Such a phase 
with dipolar exciton condensate and crystalline structure 
within each layer is, by definition, a supersolid. Since 
this is a transition from a uniform state to a crystalline 
state, in the absence of disorder, it will be a first-order 
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transition. 

The existence of this phase can also be argued if we 
start with system in the uniform 2-component plasma 
state characterized by A = and p ee (q) = Phh(<i) = 
n (5 q ,o- As r s increases, each layer undergoes hexago- 
nal Wigner crystallization at a critical value of r s (d/ as), 
leading to a ground state with no phase coherence, A = 0, 
but crystalline density modulations, p ee (q) = Phh(q) oc 
5q t G-— At large d/as 3> 1, this value of r s is roughly 
independent of the value of d/as, and will approach the 
single-layer value r s $ ~ 38 asymptotically (solid green 
line). The behavior of this phase boundary at small 
d/as > T a will, in general, be nontrivial, due to in- 
tcrlaycr interactions playing a role in determining the 
ground state. Now as d/as is reduced or, equivalcntly, 
r s is increased, when d/as < r s (dotted blue line), the 
two Wigner crystals will become phase-coherent, A^O, 
and will still maintain the broken translational symme- 
try, p ee (q) = Phh{<£) oc <S q> G, thus forming a hexagonal 
Wigner crystal of phase-coherent excitons . 14 ' 16 ! 17 This 
transition between two layers with identical crystal struc- 
ture become is associated with the appearance of phase 
coherence and is therefore continuous. 

We emphasize that this novel phase, a Wigner su- 
persolid, is possible only due to specific properties of 
electron- hole bilayers. Traditionally, supersolid phase 
discussed in the literature has been mostly in the context 
of 4 Hc»^i Some recent work has introduced the possibility 
of a supersolid phase in cold-atom optical lattice systems 
with extended Hubbard interactions^ as well as in lattice 
models of hard-core bosons with repulsion.— Since exci- 
tons in bilayer systems have dipolar repulsion, which pro- 
vides the incentive for localization, a Bosc-Einstein con- 
densate with broken translational symmetry is possible. 
In a single layer system, carriers undergo Wigner crys- 
tallization but since they arc fermions there is no phase 
coherence. On the other hand, bulk semiconductors sup- 
port excitonic condensation. However, since the exciton 
interaction is not necessarily repulsive (due to random 
orientation of exciton dipoles), there is no Wigner crys- 
tallization. Electron-hole systems, in which all excitons 
have the same dipole moment, offer a unique realization 
of hard-core bosons with repulsive interactions in a semi- 
conductor environment. 

Now we sketch a simple model for phase transition 
from the uniform dipolar superfluid phase to the Wigner 
supersolid phase. The dipolar superfluid is characterized 
by a nonzero order parameter A = | A| exp[i$] where $ is 
the dipolar phase. Note that the density of this superfluid 
is uniform. The long-wavelength low-energy dynamics of 
a dipolar superfluid is described by the action^ 



k,u 



(1) 

Here, pd is the superfluid phase stiffness, p^ is the 
Fourier transform of the dipolar density fluctuation, and 
the dipolar phase and condensate number satisfy [p, <f>] = 



i. We introduce S^p^^pku term in the action to ac- 
count for the dipolar density-density interaction. At 
small wavevectors, this interaction gives the capacitive 
mass-term for uniform density fluctuations. Integrating 
the density fluctuations, we arrive at the action for the 
dipolar phase, 



(2) 



The dispersion of the collective mode is given by Wk = 
ky/pd/Sku- When k — > 0, this gives the linearly dis- 
persing sound mode, = ky/ Pd/C = v c k, where 
C = Sk=o.w=o is the capacitance. Since the dipolar fluid 
is a uniform Bose-Einstcin condensate, the phase collec- 
tive mode will have a roton minimum at a wavevector in- 
versely proportional to the interparticle distance . 17 ' 20 In 
the vicinity of this minimum, for k ~ ko, the dispersion 
will be gapped with uj^ ~ A,. + (k— kg) 2 /2m r where A r is 
the energy gap at the roton minimum and m r is the roton 
mass. We postulate, based on results for collective mode 
dispersion in similar systems , 17 i 21 ; that as d/as increases 
the roton gap A r is suppressed, reflecting the tendency 
towards a state with a broken translational symmetry 
with characteristic wavevector ko = (r s as) _1 . It follows 
(from the existence of a ring of roton modes which are 
softening) that the system "jumps" into Wigner super- 
solid phase via a first-order phase transition, as it does 
in the case of liquid-to-solid transition in 4 He under pres- 
sure.— Similarly, we postulate that the roton gap remains 
finite when the crystalline order emerges, as it does in 
4 He and in quantum Hall bilayers; the magnitude of the 
roton softening can only be addressed by a microscopic 
calculation.— 

How to detect a Wigner Supersolid? Observation of a 
Wigner supersolid, with two nonzero order parameters, 
will require separate measurements of phase coherence 
and crystalline order. Let us consider how the observable 
properties change when we enter Wigner supersolid phase 
from the uniform dipolar superfluid phase or the electron- 
hole Wigner crystal phase. The uniform dipolar super- 
fluid phase is characterized by dissipationlcss countcrflow 
currents proportional to the in-plane magnetic field^ in- 
creased exciton recombination rate,— and, because the 
excitons are delocalizcd, an enhanced interlayer tunnel- 
ing conductance^ When the system becomes supersolid, 
the phase coherence will be manifest in enhanced recom- 
bination rate and dissipationlcss countcrflow. However, 
since the excitons are localized, interlayer tunneling con- 
ductance will be suppressed compared to its value in the 
superfluid phase. Since the exciton recombination in the 
Wigner crystal is restricted to lattice sites, Fourier trans- 
form of spatially resolved photoluminescence will reflect 
the crystalline structure. The uncorrelated Wigner crys- 
tal phase is characterized by insulating behavior for in- 
plane and interlayer transport, as well as phonons with 
dispersion uj p oc k 1 ^ 2 since the Coulomb interaction is 
V(r) = e 2 /er. When the two Wigner crystals become 
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phase coherent and the system becomes a supersolid, the 
in-plane transport will support dissipationless counter- 
flow, and the phonon dispersion will change to lj p oc /c 3/2 
since the dipolar interaction is Vd(r) = e 2 d 2 /er 3 . In ad- 
dition, the interlayer tunneling conductance will be en- 
hanced compared to its value in the electron-hole Wigner 
crystal state, due to increased recombination rate. 

Thus, the existence of a Wigner supersolid can be con- 
firmed by transport measurements (interlayer tunneling 
conductance, counterflow superfluidity) and spatially re- 
solved photoluminescence measurements. 
Conclusion: We have shown, based on general princi- 
ples, the existence of a supersolid phase in low-density 
electron-hole bilayers with moderate interlayer separa- 
tions. Since the critical temperature for BEC in two di- 
mensions is T — 0, we have focused on quantum phase 
transitions between possible ground states of this system 
in the absence of disorder; thus, our discussion is only 
applicable at low temperatures and to ideally pure sys- 
tems. Experimental observation of the proposed super- 
solid phase will require studying the effects of disorder 
and finite temperature, which are beyond the scope of 
this note. We believe that at finite temperatures and in 
the presence of finite disorder, our proposed Wigner su- 
persolid is likely to be a crossover phase with the strict 
supersolid existing only at T = 0. More theoretical work 
will be needed to address this question. 

We have shown that experimental observation of the 
Wigner supersolid will require separate probes looking 
at the phase-coherence response and intralayer Wigner 
crystal response. Such a supersolid behavior should ex- 
hibit strong dependence on layer separation, tempera- 



ture, and r s since, as we have shown, the supersolid phase 
will only be stable in the region ^JTl < d/as < r s , at 
low temperatures. Although the experimental observa- 
tion of our proposed Wigner supersolid may be difficult, 
we believe that its existence in electron-hole bilayers is 
a robust conclusion. The exact values of djas and r s 
at which Wigner supersolid is realized will have to be 
determined via Monte Carlo simulations ^ Wigner crys- 
tallization in electron-hole bilayers occurs^ at r s ~ 20 
compared withi* r s ~ 40 in the single-layer system and 
is thus energetically favorable in bilayer systems. This 
observation makes the case stronger for the existence of 
our proposed Wigner supersolid phase. 

Wigner supersolid of excitons in semiconductors is a 
natural extension of the excitonic condensate, just as a 
supersolid is a natural extension of Bose-Einstein conden- 
sate with repulsive interactions! 16 i 17 ' 18 i 19 . It will be in- 
teresting to explore the consequences of a similar analysis 
in electron-electron (or hole-hole) bilayers where sponta- 
neous interlayer phase coherence may exist^ in the ab- 
sence of a magnetic field, as well as in the case of quantum 
Hall bilayers^. The verification (or falsification) of our 
proposed Wigner supersolid will further our understand- 
ing of the interplay between interparticle interactions and 
quantum statistics. 

It is a pleasure to thank to A.H. MacDonald, S.M. 
Girvin and Jinwu Ye for useful conversations. This work 
was supported by US DOE through LDRD (AVB), and 
NSF and ONR (SDS). AVB and SDS are grateful to Kavli 
Institute for Theoretical Physics for hospitality at the 
earlier stages of the work on this paper. 



1 L.V. Keldysh, in Bose-Einstein Condensation, edited by 
A. Griffin, D.W. Snoke, and S. Stringari (Cambridge Uni- 
versity Press, Cambridge, 1995) and reference therein. 

2 Yu.E. Lozovik and V.I. Yudson, Pis'ma Zh. Eksp. Teor. 
Fiz. 22, 556 (1975) [JETP Lett. 22, 274 (1975)]; Solid 
State Commun. 19, 391 (1976); Zh. Eksp. Teor. Fiz. 71, 
738 (1976) [Sov. Phys. JETP 44, 389 (1976)]. 

3 T.M. Rice, Solid State Phys. 32, 1 (1977); J.C. Hensel et 
al, ibid. 32, 88 (1977). 

4 S.I. Shevchenko, Phys. Rev. Lett. 72, 3242 (1992). 

5 L.V. Butov, A.C. Gossard, and D.S. Chemla, Nature (Lon- 
don) 417, 47 (2002); ibid. 418, 751 (2002). 

6 D. Snoke, S. Denew, Y. Liu, L.N. PfeifTer, and K.W. West, 
Nature (London) 418, 754 (2002). 

7 C.W. Lai, J. Zoch, A.C. Gossard, and D.S. Chemla, Sci- 
ence 303, 503 (2004). 

8 J. P. Eisenstein and A.H. MacDonald, Nature (London) 
432, 691 (2004); JR. Eisenstein, Science 305, 950 (2004) 
and references therein. 

9 U. Sivan et al, Phys. Rev. Lett. 68, 1196 (1992); B.E. 
Kane et al, App. Phys. Lett. 65, 3266 (1994); S. Vijendran 
et al, J. Vac. Sci. Technol. B 17, 3226 (1999); M. Pohlt et 
al, App. Phys. Lett. 80, 2105 (2002). 

Z. Voros, R. Balili, D.W. Snoke, L.N. PfeifTer, and K.W. 



West, Phys. Rev. Lett. 94, 226401 (2005); Z. Voros, D.W. 
Snoke, L.N. PfeifTer, and K.W. West, Phys. Rev. Lett. 97, 
016803 (2006); MR. Lilly, private communication. 
E. Kim and M.H.W. Chan, Nature (London) 427, 225 
(2004); Science, 305, 1941 (2004) and references therein. 
SDe Palo, F. Rapisarda, and G. Senatore, Phys. Rev. Lett. 
88, 206401 (2002). 

A. V. Balatsky, Y.N. Joglekar, and P.B. Littlewood, Phys. 
Rev. Lett. 93,266801 (2004). 

B. Tanatar and D.M. Ceperley, Phys. Rev. B 39, 5005 
(1989). 

We assume, without any loss of generality, that the 
electron-hole bilayer is described by a single r s parame- 
ter, i.e. the electrons and holes have the same band mass. 
We also assume that the exciton mass is the same as the 
carrier band mass. This does not change the qualitative 
form of the phase boundary. 

P. Hartmann et al, Europhys. Lett. 72, 396 (2005). 
SDe Palo, S. Conti, and S. Moroni, Phys. Rev. B 69, 
035109 (2004). 

VW. Scarola and S. Das Sarma, Phys. Rev. Lett. 95, 
033003 (2005). 

M. Boninsegni and N. Prokofev, Phys. Rev. Lett. 95, 
237204 (2005); D. Heidarian and K. Damle, Phys. Rev. 



5 



Lett. 95, 127206 (2005). 

20 R.P. Feynman, Statistical Mechanics: A Set of Lectures 
(Addison Wesley, New York, 1972). 

21 H.A. Fertig, Phys. Rev. B 40, 1087 (1989). 

22 P. Nozieres, J. Low. Temp. Phys. 137, 45 (2004); private 
communication. 



L. Zheng, M.W. Ortalano, and S. Das Sarma, Phys. Rev. 
B 55, 4506 (1997). 

E. Demler, C. Nayak, and S. Das Sarma, Phys. Rev. Lett. 
86, 1853 (2001). 



